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1.

(a) Ten students enter a locker room that contains 16 lockers. The first student opens all the lockers. The second
student changes the status (from closed o open, or vice versa) of every other locker, starting with the second
locker. The third student then changes the status ol every third locker, starnng at the third locker. In general, for
[ < k< 10, the kth student changes the status of every kth locker, starung with the kth locker. After the tenth
student has gone through the lockers, which lockers are left open?  (10%)

(b) Answer (a) 1f 10 is replaced by n& Z7, nz 2. And prove your answer is correct. (15%)

2. Ak-L(2,1)labeling of a graph ( 1s a function [ MG) — [0, 1.2, ..., k] such that vV x, v & MGY: (i if dix, y) =

I then [flx) = M) = 2; (i) if d(x, v) = 2 then [fix) — Ay} = 1, where dix, v) means the distance of x and y. Given 2
graph G, let A(G) = min {k : there exists a #-L(Z,1 \-labeling of G'}. Prove the following statements,

(a) 1f G is a graph with maximum degree A(G), then AG) 2 A(G) + 1. (10%%)

(by 1If Tis atree, then AT < ATy + 2. (15%)
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(a) If 6 vertices are selected from a plane such that no three of them are on the same line. Draw a line between any
two vertices and color each line with either blue or red. Prove that there exists a triangle whose three edges are
of the same color,  (5%)

(b) Repeat (a]. but 6 is replaced by 17, 2 colors blue and red are replaced by 3 colors blue, red and yellow,  {10%)

{¢) Write a statement that generalizes the results of (a) and (b), and prove it. (10%%)

4. A graph pyramid PM(n) is defined recursively by:
FIPMOI D=0 LI e il lsx<2, 1 sysd);
EPMOIN =40 L I ay) il sx€2, L€y <2) O (1 LN 2,0, (1, 1L, 2):i18xs2, 15y
And fornz 2,
VPM(nYy= V(PM(n = 1)) w {(mx,p): 15222 12y <2');
E(PM(n)) = E(PM(n— 1)) {(m; x, )n = T2 [p2D i 1 £x <2 12y 27 W
Hmx, ) (mx,y+ 1) 12222 12y 22 =1 0 (s x, ) (o + 1,9l €x22"— 1,1 =y<2,
(@) IMPM(n)| =7 (%)
(b} Let &(n) = |[E(PM(n))}, find and solve & recursive relation for &(n), n 2 1. {(10%:)
(¢) Given a connected graph (G, the eccentricity of a veriex v in G = e(v) = max {div, x) : x € F{G}}. The diameter
of G = d(G) = max{e(v) : v € F(G)}. The radius of G = r(G) = mmnie(y) : v € F(G)}. Find the values of
d(PM(n)) and F(EM(n)).  (10%)




