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Entrance Examination: Electromagnetic Theory
As shown in the attached figure. there i§ a parallel-plate waveguide filled with a
non-homogeneous medium charattetized by e(y). that is the medium is uniform

along transverse direction (x-= plane), however, non-uniform along v direction.  The
structure is assumed to be infinite extent along x and z directions. The separution
distance between the top and bottomymel plates are designated as . '

Since the structure is uniform along x-2 plane, we have the two sels of characterisuc
solutions, orthogonal to each other. which are named as TE and TM modes (with
respect to y direction). In this problem, because that they have the similar

mathematical process and results, we only consider TM case for succineiness.

Part 1: Mathematical Background
For the TMY mode, it means that the magnetic field H js on the x-z plane, which is
perpendicular to the wave puiding direction, y-axis.” (_I'unsequcnu:.', we may. invoke
the commonly used Debye potential -which is defined as;

(h

H=Vx=d = -
where A=y pix.p.2) [_— Fp=- = | (2)

Problem 1 (10 pointsk: Please substitute (27 into (1) ta find out the magnetic field
components {Hy, Hy and 1) cxpressed in terms of the scdlar potential w(x. .21l

—

Problem 2 (10 points): After obtaining the ma-\gnf.‘lic field components. you could
substitute them into the Maxwell equations to get the clectric field components (Ex. £,

and £.). Notice that you have 19 express them in terms of the three magnetic field
components.

Problem 3 (10 points); Since the structure is infinite extent along transverse direction.
the sealar potential (x.¥,2) was. given below:

prix.p.2) =gy expl—JE 0] (3}

whﬂw &I=kl£u+k.‘§# ﬂnd ijrb—ugu

— 1 |
Problem 4 (15 pointsk Substitution of (3) into the solutions (o problem 1 and'2 and
through some simple algebraic derivations, vou could obtain a second order
differential equation for the igen-finction ¢()}in the form listed below:

d d -
d{[#l}}cbﬁi}w = gl)gv) = Ay Ip(y) (4}
Please compare your tesult with {4) and indicate the one-to-ong corresponding scalar
functions p(v). gdv), weighting function wfy and the corresponding cigenvalue A
respectively.

Problem 5 (20 pointsi: the equation (4) is named as Sturnt-Liowville differemial
equation, under some conditions, the’eigenvalues-are real numbers and the associated
eigenfunctions are orthogonal 1o cavtiother, Please indicate the specific condition
and prove the properties described-previousty:

Part 2. Physical Picture of waves guiding in sucha wavegtide
Problem 6 (20 poimisy: For the fimiting case. W assume that the dielectric medium
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filled in the parallcl-plate waveguide is mir. that is, £(v)=1. In this problem, we
will study the guiding characteristic ol waves in such a wavepuide.  First of all, the
‘ second order differential equation (4) can bg transformed into the following equation:

i
%-,—sﬁuﬁ- + (kI =47 1ely)=0 (5)
Please write down the geperal solution 16 the above equation,

| Since the two parallel plates arge madé up of perfect conductors, by the
eleciromagnetic boundary condition the tangential electric field components should
vanish on the surface of a perfect conductor, Therefore. subject 1o the boundary
conditions. the general solution you obtained previously should convirge to 2
sinusoidal function, please wnte down 1. It is noted that the general solutién must
be normalized based on the following definition.

[l v = | (6)

g s = .
Besides. please write down the dispersion relationof Waves stpported by such a
waveguide (the refation between propagation constant and frequency).
' |
Problem. 7(15 points): If you can mlcuessfﬁl'i_:. achieve Ihe eigen-functions along v
direction. you should be able to :wrjtc down the electric and marnetic field
| components in an explicit form. In|addition, You could observe that the waves are
obliquely bouncing back and forth around the two parallel plates.  For each mode.
they have different propagation consiants and the bouncing angles: however, the angle
will vary in accordance with the variation of operation frequency,  Please desgribe
the physical phenomena of cutoll in such a waveguide:
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